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1. THE DEMONSTRATION

Objective

Obtain h igher resolution in the doppler frequency domai n for improved
target detectability in distributed clutter.

Approach

Intra-pulse frequency diversity waveform Is used to increase the number of
independent data samples for pulse-doppler processing without increasing the
observation length. These independent data samples are coherently processed
via the neuly de-,nlc?.A C"'YM1-FBLP method [1 to acnieve a stable high-
resolition doppler spectrum.

Data Acquisition and Processing

The RADC L-band facility and AP-120B array processor were used. See [21

for details of the waveform design, configuration and programs. Matrix opera-

tions were performed on the complex baseband radar data to provide coherent

processing of the doppler spectrum by eigenvalue decomposition.

Contents of This Demonstration

(1) The intra-pulse frequency diversity waveform which drives the L-band

transmitter: three subpulses of three microsecond each with the carrier
frequencies of -6, -1 and +4 MHz (with respect to the reference fre-

quency).

(2) The spectrum of the above waveform.

(3) The range-doppler plot with the conventional FFT based pulse-doppler pro-
cessing (8 pulses with rectangular window): the weak target in the r ange-
extended strong clutter is not detectable since the doppler frequency
separation is smaller than the Fourier resolution limit.

(4) Same as (3) above with Hamming window for lower sidelobes: target is

still not detectable.

(5) The range-doppler plot with the new method: the target is clearly detec-

table.

(6) The "zoomed-in" range-doppler plot with the new method.
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I. INTRODUCTION

High-resolution direction finding of angularly
A Comparison of Smoothing closely spaced targets has received increasing attention

in the past few years. Many methods have been
Approaches for Angle suggested and are still under further investigation, e.g.,

MEM, MLM, MUSIC, modified FBLP (Min-Norm),
Measurement ESPRIT, etc. Unfortunately, the detection, resolution,

and estimation performances of these methods often
suffer severe degradation in the cases of completely
correla:ed target-signal returns caused by severe

JIA-.XIONiG ZHU, Student. IEEE multipath or "smart" jamming.
The degradation can stem from the fact that

HONG WANG, Member, IEEE the covariance matrix of the target signals is nearly
Syracuse University singular or even completely singular. One class of

methods to remove such singularity is the so-called
spatial smoothing [2-7]. For example, the full sensor
array can be divided into partial!y overlapping

For blth-resoluzion active direction flndtzin of com$4et-iy subarrays to average the covariance matrices of the
correlated targets, om can me two approaches, Le., the subarray output vectors. It is obvious that such a
frequencyqdommin smothlng 11 and the non-Erequen-y-domaln spatial smoothing method can only be applied to
smoothing such a various spattal smoothing 12-71, or the arrays with uniformly spaced identical sensors.

ultidlmemuional search of slgal-subspace 1& 91. A performance Besides, a trade-off has to be made for a given array
comparion of the two approaches for the fluctuating target between the size of the subarrays and the number of
cases under equal tranmsiltted-enMrgy constraint is presented. subarrays, since the final performances depend on both

Both theoretical analysis and simulatlons are used to study the parameters. Moreover, if the r-,mber of sensors is not
performce of' t delectlon (deieralznloo of nuser of lriats) large enough, the number of s, ,arrays for the spatialpefan estdatloec It is fond that the ( nueofats smoothing might be too small to effectively remove

cnd angle si Iiny founterr the fr -d n the singularity. One can also easily see that such a
smoothin can signlkantly outperfom the nonrequnc-omdn spatial smoothing method does not make full use of
smoothin under the equal tranmltted-energy comtrainL the information contained in the data vectors since the

off-diagonal blocks of the estimated covariance matrix
are discarded. Other methods to solve the difficulty
include the maximum likelihood parameter estimation
[101, which in general requires a computationally
extensive multidimensional search algorithm except
in the case of the symmetric multipath, and the
multidimensional search of signal-subspace [8, 9],
which is also computationally demanding.

For active direction finding systems in which one
has control of the transmitted waveform, Wang, Li,
and Zhu [1] proposed the frequency-domain smoothing
approach in contrast to the above mentioned methods
which we refer to as non-frequency-domain smoothing.
The frequency-domain smoothing approach is based
on the use of frequency diversity signaling and
the coherent processing idea which was originally
developed in 111-13) for passive direction finding of

Manuscript received November 6. 1987 wideband sources.

IEEE Log No. 28658. We present a performance comparison of the
two approaches for active direction finding of

This work was supported by Rome Air Development completely correlated fluctuating targets using
Center under Air Force Contracts F30602-81-C-0169 and mltly oreated futatg Areusng
F30602-D-0027(A-8-124), and by RADC-LDF multiple observations (snapshots). A frequency

diversity signaling %,.h the equal transmitted-energy
Authors' address: Dep't. of Electrical and Computer Engineenng. constraint is assumed for the frequency-domain
Syracuse Unversy, Syracuse, NY 13244-1240. smoothing in order to have a fair comparison.

This paper is organized as follows. In Section II
0018.9-51/89/0700-0529 S1.00 (D 1989 IEEE we set up the data-vector models for fluctuating

IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL 25 NO 4 JULY 1989



-. - Ahcrc AW.. d. is the dircctil,n md:r;x at ,, .

frequency f,, sj, d x 1, the target complex implitudc
vector at [ and wj, M x 1. the noise component from

Fig. I. Frequency diversity signaling pulse. the M sensor receivers of the jth subband [1].
We assume that the frequency separation Af is

targets and introduce our notations, In Section I chosen to be large enough such that sj, j = 1, 2, .... J
taret omare itrohe ornotearones of aeto are statistically independent [14], and that w,, j =
we compare the potential performances of ange 1, 2, .... J have zero mean and the same correlation
estimation of the frequency-domain smoothing and matrix a21, where I denotes the M x M identity matrix.
non-frequency-domain smoothing, via eval'iating the

Cramtr-Rao Lower Bounds (CRLBs) associated with Both wi and s, are modeled as complex normal vectors

the two approaches under the equal transmitted-energy in this paper. The target fluctuation is assumed to lead
to the independence of the N samples of x, which areconstraint. Such a study is to show the effectiveness identically distributed. Thus, the data set for processing

of the two smoothing approaches with regard to the consists of N independent identically distributed

estimation performance in an algorithm-independent (ID) samples of xi , i = 1,2. 1... .e , i.e., a total of

way for generality of the conclusion. We then compare N x M x 1 vectors. We note that x,, j = 1,2 ....

in Section IV the estimation performance of a typical ar e not lally ,ditribued 2sice ,A1
o are not statistically identically distributed since A ,,

frequency-domain smoothing algorithm with that of a j 1,2,...,J depend on the carrier frequencies
typical non-frequency-domain smoothing algorithm, j= 1,2. di
using statistical simulations. Section V is devoted to Define the signal-to-noise ratio (SN) at the jth

the detection performance comparison, followed by a
summary of conclusions and discussions in Section VI.

SNRj(k) = E{ls(k)Z1}/var{wj(m)},

II. DATA SET MODELING j = 1,2. J, k = 1,2 .... d. (2)

Two signaling schemes are used in this paper. For convenience of discussion we assume here that

The frequency-domain smoothing approach the mean-square reflection power of the target does

uses a frequency diversity signaling, while the not depend on the carrier frequency, i.e., E{js,(k)j2 }
non-frequency-domain smoothing approach uses a independent of j. Since var{ w (m)} = , we have
conventional (no diversity) signaling. SNR,(k) = SNR(k), j = 1,2,...J. (3)

We concentrate on the cases of two completely
A. Frequency Diversity Signaling correlated targets (d = 2) with different angles of

arrival (AOAs) 01 # 0, and the second arriving signal
We consider the following simple frequency being a delayed version of the first, i.e.,

diversity signaling as illustrated in Fig. 1, where each S2(0 = psi (t - to) (4)
subpulse of width r' = r/J has a different carrier
frequency with an arbitrary narrowband modulation of where p is a real constant and to the path delay much
its own. For convenience of presentation we assume smaller than that of the range cell. Let o,(l) and o,(2),
that the carrier frequencies fl, j = 1,2,...,J are j = 1,2, .... J be the phases of the target complex
uniformly spaced, i.e., fi I - f= Af and that all amplitudes s, = [s/(l) s,( 2 )IT at f1. From (4) it is seen
subpulses have the same modulation. that

We consider a linear array of M wideband sensors 0j(2) = o,(l) - 2rft0, j = 1,2'.... 1 (5)
covering the frequency band over which the frequency
diversity signaling is used. A sequence of N identical i.e., o,(l) and o,(2) are linked by a constant, in
pulses, each of which contains J subpulses as in Fig. contrast to the two independent target reflection cases
1, is transmitted and reflected by fluctuating targets. where o,(l) and o,(2) can be modeled as independent
Assuming that the d targets in the same range cell and random variables.
with the same Doppler frequency shift have little range For convenience of discussion we assume that
change over a time interval of (N - 1)/pulse-repetition the sensors are identical and uniformly spaced with
frequency (PRF), and that J matched rdters are separation D = A0/2 where A0 is the wavelength
used at all M sensors for preprocessing, we have corresponding to fo, the central frequency of the
for each of the N pulses, a set of J M x 1 data whole frequency band. The array reference point is
vectors for processing over this range cell in the chosen to be the center of the aperture with all AOAs
form of referenced to the broadside of the linear array. The

Rayleigh angular resolution limit of such an array is
= :A~s +w, j = 1,2 ... J (1) about 2 = 2/M rad.

IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL, 25. NO. 4 JULY I'
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For a real, jointly normal distributed data set, the
Fisher information matrix for bound calculation can be

----.---- ----- .expressed as 1161

V+)1 1t R'(9)[O(8)IRe

Swhere R(8) is the covariance matrix as a function of
the parameter set vector e, m(8) the mean vector as
a function of 6, and 8.~, 0. denote the uth and vth
parameter, respectively. For a jointly complex-normal

S- distributed data set, the above equation can be
modified as

Fig. 2. CRL.as (I0logi0(i/o'2)) with frequency diversity
completely correlated targets. [J(1)1,,. = tr (- )-- a t t )

B. Conventional Signaling Hrm(8)] R am(e) }
A conventional (no diversity) signaling is assumed 172Re j0 J R ()1 a-" j )

for the non-frequency-domain smoothing approach,
which has a single carrier frequency fo for the whole with Re(.) being the real part of a complex number.
pulse with an arbitrary narrowband modulation, In the case of two completely correlated targets,
i.e., J = 1. Therefore, the data set for processing the unknown parameters of the data set with a
consists of N M x I IID vectors. Imposing the equal conventional signaling are the two spatial frequencies
transmitted-energy constraint on both signaling
schemes, we have the SNR with conventional signaling wk = 2n(D/Ao)sin9k, k = 1,2 (8)

SNRo(k) = I0logI + SNR(k), (dB), the signal power a 2 and os,, the noise power 2, and
the phase difference between the two signals whichk = 1,2,.... ,d (6) depends on the delay to. The unknown parameters

i.e., 10logJ higher than that with frequency diversity with frequency diversity signaling include the signal
signaling. We assume that all other conditions and powers a'2t(j),dT2 (j), noise power 0,2(j), j = 1.2'.... ,
assumptions on targets and array remain the same the delay to, and two target AOA related parameters.
for the performance comparison of the two smoothing We still use wt and ,)2 for these two parameters
approaches. since the spatial frequencies at fi, j = 1,2, .... J are

deterministic functions of these two even if fo is not
II1. ESTIMATION PERFORMANCE BOUND necessarily equal to one of fj, j 1,2..

Let a2 be the CRL.B to the variance of an .COM PARISON
or _2 estimate. In the remainder of this paper and

Since there are many ways to implement smoothing Figs. 2-5, the abbrcviation CRLB is used to denote
with either approach, a comparison in terms of some 10log10(l/ ') as a rather common practice.
performance bound is necessary for the generality We consider the situations where p = I and to is
of the conclusions on the potentials of the two corresponding to a small fraction of the range cell, i.e..
approaches. A well-known estimation performance to < 1/B',,, where B',, denotes the largest bandwidth
bound is the CRLB which is relatively easy to evaluate, of the subpulses. In practice, these situations are
It is well known that CRLB bounds the unbiased found to be the most important and difficult to
estimators only. Though a modified CRLB for biased handle [10, ch. 3 and 4). Fig. 2 shows the CRLBs
estimators is available [15, ch. 4], it is in general as a function of ofo for J = 7 subbands with the
a very difficult task to evaluate the required bias relative bandwidth B/fo = 10 percent and 30 percent,
function of the specific estimator. Since no available respectively. The CRLBs oscillate with a damping
method, to the knowledge of the authors, has been factor proportional to B/fo but settle at a level
reported to have a mean-square-error (MSE) below independent of B/fo. In contrast, the dotted lines
the corresponding CRLB and since the CRLB can be in Fig. 2 indicate the maximum and minimum of the
fairly tight for SNRs above a certain threshold even CRLB for the non-frequency-domain smoothing, which
if the data set is small, the use of the CRLB for the would oscillate in between with the period equal to
purpose mentioned above is justified. 3 0.5. From this figure, we can see that the CRLB for

ZJit' & ',ANG. SMOOTHING APPROACHES FOR ANGLE ME.ASUREMENT



1) The potential AOA estimation pertorman:c ot
the frequency-domain smoothing approach is
expected to always be better than that of the

45 non-frequency-domain smoothing approach.
2) The larger the bandwidth, the better the potential

44 AOA estimation performance can be of the
frequency-domain smoothing approach.

43 " 3) Only a small number of subbands J are necessary
.. for the potential AOA estimation performance of

the frequency-domain smoothing approach to be
4.......... independent of the unknown delay to.

___In the next section we study the estimation

2 4 . i performances of a typical frequency-domain smoothing
method and a typical non-frequency-domain smoothing

Fig. 3. CRLBs (10Iogt0(1/e'2)) with frequency diversity versus method.

number of subbands J: completely correlated targets, B/fo = 10
percent.

IV. ESTIMATION PERFORMANCE OF TWO

SMOOTHING METHODS
47

For simplicity we choose the MUSIC-based
46 coherent signal-subspace processing method described

in (11, 17] and the MUSIC-based spatial smoothing
method of [4]. Since there is little analytical result

7. 44 available about the estimation performance of the
spatial smoothing method, we conduct the comparison

4 . via statistical simulation. The following parameters are
set up for the simulation.

1. ") the number of targets d = 2 with p = 1, i.e.,4!' , .. SNR(I) = SNR(2);

_ _/ 2) the relative bandwidth B/fo = 30 percent with the
number of subbands J = 7;

4s3) the number of sensors M = 8;
Fig '"'L"' . ,. ! -- ! ,--. i"h freqtenry d.'. i::' verss 4) tl'., spati-l frequencies wi = 0.8227 and w-, = 0.430
number of subbands I: completely correlated targets. B/fo = 30 which correspond to an angle separation equal to

pcrcent. 0.5Q;

5) the subarray size L = 6 for the spatial smoothing
the frequency-domain smoothing can be independent method in [4];
0-7 fr.fu as long as enough bandwidth is used. For the 6) the required preliminary estimate of approximate
example of B/fo = 30 percent, when ri 3 .> 2.5 the :enter of the spatial freqtenciss with tht
bound stays at a level close to the best value of the frequency-domain smoothing method of [I I] =
bound for the non-frequency-domain smoothing. And (..I + ,)/2;
for B/fo = 10 percent, the bound gets into the stable 7) the equal transmitted-energy constraint as of (6);
region for tofo > 7.5. 8) the number of pulses N = 32.

The effects of the number of subbands J on the
CRLB for the frequency-domain smoothing approach Fig. 5 compares the mean square errors (MSEs)
can be seen from Figs. 3 and 4 for the two completely of the two smoothing methods for .:; at various
correlated targets with B/fo = 10 percent and 30 SNR with tofo = 6, 6.25, and 6.5. respectively.
percent, respectively. With small J the CRLBs still Again, 101ogl 0(l/MSE) is actually plotted. Fifty
depend on the values of tofo. When J is large enough, independent runs are used at each SNR. The MSEs
however, the CRLBs can settle at a level independent of frequency-domain smoothing with the three different
of tofo. Moreover, a slightly larger J is needed with values of rofo are found to be approximately the same
larger relative bandwidth B/fo for the CRLB to and thus only the one with tofo = 6 is plotted in Fig. 5.
become independent of tofo. Also included in Fig. 5 are the corresponding CRLBs.

From the above study of CRLBs for the two The frequency-domain smoothing method is seen to
approaches we can conclude the following, significantly outperform the spatial smoothing method,

IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 2' N,,i 4 JULY 1989
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Fig. 5. MSEs of D1 with frequency-domain smoothing (B/fo Fig. 6. Detection performances of spatial smoothing and
30 percent, J - 7) and spatial smoothing versus SNR: completely frequency-domain smoothing methods. completely correlated
correlated targets, M 8 d - 2. -, - 087. - 0 430. L - 6, targets, M - 8. d = Z,, 0.8- 2. , =0430. L -oN = 1Z

N = 32.

and reaches the CRLBs quite closely. We note that is the dominant detection error for the cases of
with refache6.2 the Rsatie smoselyWotm eth as completely correlated andor closely spaced signals,with tofo = 6.25 the spatial smoothing method fais and since our previous exper.ence with detection
to reach the corresponding CRLB even at very high andosince urpreiouaserene wh con

SN~s A ossile auseof his ay tem romthe performance analysis has resulted in favor of choosineSNRs. A possible cause of this may stem from the thACraerhn D pnly nto[7,"

fact that with this spatial smoothing method, not all of the AIC rather than MDL penalty function 17. 22,.231.

the off-diagonal elements of the estimated correlation we use the AIC penalty function here.

matrix can be made use of. Fig. 6 shows the probability of correctly
determining the number of targets with the spatial

Since the frequency-domain smoothing method smoothing based method 121) and frequency-domain
needs a p;iminary estimate 3, it is interesting to smoothing based method [171 under equalknow its effect on the MSE It has been shown insmohnbae tod[7udreql
know 18ithtts e ff frmane on the thasbe nho in transmitted-energy constraint, using 50 independent
[17, 181 that the performance of the frequcncy-domain

smoothing approach is not sensitive to this preliminary runs. In this figure. the probabilities for the spatial

estimace. smoothing based method with tofo = 6, 6.25. and
6.5, respectively, are plotted as a function of SNR.
For the frequency-domain smoothing based method.

V. DETECTION PERFORMANCE COMPARISON the corresponding three curves are almost the
same. So only the one with to f3 = 6 is included. The

The above two MUSIC based smoothing methods detection performance of the spatial smoothing based
both need to first determine the number of targets method is very sensitive to the values of tofo (or the
d before performing AOA or spatial frequency phase difference o = 2'0rofo). Though the detection
estimation. One may use AIC or MDL types of peiformance of the frequency !'",r1in based method
methods 119, 201 to conveniently accomplish this. is measured about 2 dB poorer in terms of SNR than
For completely correlated targets. (211 gives a spatial the spatial smoothing based method with t0fo = 6.5, it
smoothing based modification of the AIC/MDL performs significantly better than the other two cases
method, while a frequency-domain smoothing based of the spatial smoothing based methnd. Therefore, one
modification is presented and analyzed in [171. In may conclude that the frequency-domain smoothing
this section we compare the probability of correct based detection method is more able to provide a
determination of the number of targets with the two well-performed solution for determination of the
modified methods for two completely correlated, number of completely correlated, closely spaced
closely spaced fluctuating targets under the constraint fluctuating targets.
of equal transmitted-energy. An analytical detection
performance study can be found in [171 for the
frequency-domain smoothing based method, but a VI. CONCLUSION AND DISCUSSION
corresponding study for the spatial smoothing based
method is not available to our knowledge. Therefore, For high-resolution active direction finding of
we conduct the detection performance comparison via completely correlated fluctuating targets the results
simulation. The parameters used in this simulation are in favor of using the frequency-domai, smoothing
are the same as those in the last section. Since the approach, which consists of the frequency diversity
probability of underestimating the number of targets signaling and a coherent wideband processing

5
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algorithm such as the one descrbed in i lt. 1I 1i liuoto.ski. M ,nd I Ii, r . r,. i

rather than the nor.-frequency-domain smoothing A vector space appra.n to JircitUn nding .n

approach who' uses the conventional (no diversity) multipath environment.
IEEE Transactions on Antennas Propagauon. AP-34. 9

signalin ' . a narrowband processing algorithm (Sept 1986). 1069.-1079.
such as the spatial smoothing method of [4, 21]. The [101 Ht-lun, S (1965)

study of the estimation performance bounds also Radar array processing for angle of amval etimation.
indicate that the frequency-domain smoothing can In S. Haylun (Ed.), Array Signal Processing Englewood

be expected to achieve a much better performance Cliffs. NJ: Prentice-HalL. 1985. ch. 4. 194-292.

than any non-frequency-domain smoothing, especially [111 Wang, H., and Kaveh. M. (1985)
Coherent signal-oubspace processing for the detection

for an array with a smail number of sensors. We and estmation of angles of arrval of multiple wide-band

note that for nonfluctuating targets, [241 contains a sources.
study which kads to the same conclusion in favor of IEEE Transactions on Acoustics. Speech. and Sisal
using the frequency-domain smoothing. We also note Proessing. ASSP.33, 4 (Aug. 1965). 823-831.

that the frequency-domain smoothing can be used 1121 Wang, H., and Kaveh, M. (1964)

with arrays of non-uniformly-spaced, non-identical Estimauioa of angles of arrival for wide-band sources.
In Proceedinp of the IEEE International Conference on

sensors. It should be pointed out that passive direction Acoustic. Speech, and Signal Processing, San Diego, CA.

finding of completely correlated wideband sources 1964, 7.5.1-7.5.4.
has been successfully solved by using the idea of the [131 Hung, H., Wang, H., and Kaveh. M. (1966)
frequency..doma smoothing 111, 1 71. Further results on coherent signal-sub,.aLe processing

In Proceedings of the 3rd ASSP Workshop on Spectrum

Eitimauon and Modelig, (Nov. 1986), 97-100.
REFERENCES [141 Van Trees. H. L. (1968)
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In Proceedings of the IEEE International Conference on New York: Wiley, 1971.
Acoustics Speech, and Signal Processing, Dallas, TX. 1987. [16[ Porat, B., and Friedlander, B. (1986)
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Soic relliarks tin the above anaI~sos arc in order no% iN lie sui ot intinte ter-nis. thi., imtplic- dhal
R(mat, / Siocc thle estlic P1 w w I. L'Ivctt by 1-1 t. Is). and]

Oil. ,atishcN conitloi I ) or 1 . A I E I! and ciinkliti 1 2 or I k I >i(WiI+ Jkl
A. respectively. we Lan Conclude' that the estniate P61 wi w, I given J, l W)0

by Kimura and Honoki'N hybrid approach coincides with the true
ME estimate when 11., 1 l ) is positive definite. and the elemients of for k :5 K, I Ij > L.
the first row ti1 its inverse I,, ' (wl ) satisfy (26).

Rc',nrr 2: 11' the original estimate fI ( l ) ., of ToeplitL. Wi I IV. CON-.tsol(NS
is directly taken as fl, ( I; in the other case. 1.I,, ( , is obtained
hy averaginc [It wI. see ~I .eq. (2011 In a way similar iio our Some inpor-tant theoretical problems remain to hc solseil in K' -

above analysis. it can be straightforwardly concluded that for a mura and Honok*i hybrid approach ito bigh-resoltitiin 2-1) spec-
multichannel- process XiitiI the povver spectrum estimate fi.,, w, ) , truin analysis. The most imporitant problem is probaibly to know
the true ME eshiliate when every eletientI fl,., '1 ( uI I, of the in- when the final estimate is close to the truc ME estimate. In this
verse [ i ) his the form of I C''" exp ( jw,I I for I1 > correspondence. we have analyzed such a problem, and our \Xirl,

L. rhis Can be regarded as another foon oft 126) for the miultichan- has provided a "theoretical" and "practical" solution to ibis prob.
nel I -D process It is wonhwhile to point out even it the estimate lem. Using our result, one can easily know if' the tinal estimate
11 , I is the true ME estimiate, the final estimate Pt w,. Ij i )- given by Kimura and Honoki's hybrid approach does Coincide Withi
timed by using 1I1,, u) is not necessarily the ME estimate, as will the true ME estimate.
he stated in the next remark. We have also presented a counterexample, and have shown that

Rtitirk 3: Since the positivity of fl,, ( ) I is available for the Kimura and Honoki's conjecture on the above problem is no(t rue
Lase Ot Cyclic and skew -cyclic Toeplit, RI I,~ Kimura and Honoki
have ciiiicciiired thlat thkeir final esilitiate /3 W, WICitincides Withi Rvii~ui*N(-1S
ihe true ME estimte or such a case. The above analysis cimnclu-
,,on shows that Kimtura and Honoki's contecture is not true in gen- III H. Kimura and Y. Honoki. -A hybrid approach to hig'h resolution iwo-
eral stice the cyclic and skew-cyclic TocplIL RI I ) cantnot. in gen- dimension spectrumn analysis," IbEE rons. Aioioi.Spt,1,01. .S,m ilj
eral. guarantee that all the elenment.s of the first row of the inverse Proeevingi' vol. ASSP-35. pp. 1024-10136. July 198X7,
1'1, '( tit )satisty (261. Tii show this point, we present a citunter- 121 I). E. Dudgeon and R. M. Mersreau. iliitniio Diteiil Sit'iwl

exaiipl ot toura nd onikis onletur. IPrfit u*.si.k. Englewiood Clitls. NJ Prentice-Hall, It94
eximle f Kmur an Honk)' colecurr (3 S. Hankin. Ed.. Nomnecar Mi-diodev (iJ Sp(traiI t -iour. New York

It is always possibre to find a mtultichannel process X( r such Springer- Verlag. 1983.
that it has thie following power spectrum

5 + 2 Cos w, -2 %in wi,

25 + 20 cos w, + 4Cos (2,o, 25 + 20Ocos w, + 4 cos (2w,)[-2 sin w, 5 + 2 cos w,
25 + 20ctms w, + 4cos (2w,) 25 + 20OCos La, + 4 cos (2wj~

fli sinte definitiion I I lat. it is easy ito show (I (u), is oif cyclic

bett.een the eleitents tH Il, I. we see that Adaptive Beamnforming for Correlated Signal and

Ih .. II) I~ / Interference: A Frequency Domain Smoothing
2T -~ .Appro.c

i s alsot ot cyclic Tmcplitt. Hence. [l (w, I is directly taken as I X. ZHU -%o) H WANG
II,(, I. and

~~~~ +~ [ . I Co es w, 2 sin w, (29) Abvrarl-This correspoindence suggests a new approach tii 'tite-
s in Li, 5 + 2 Cos 'a h-and adaptive heamlrorming fgir coirrelated signal iin( iiiterlerence.

Note that the given (w, I is positive definite and is simply Unlike oither -approaches, such as spattial smoothing. the nevt approach

sow tthe the ME estimate tf Rettark 21 and the corresponding solves the sign-al cancellation problenm hv enmploying the iidea of fr-

Ri is ti Cyclic Tmcpltte. but the final spectrum estimate P1wl qhuuency domain smoothing. Adv-antage% of freiluencs do~main smoioth-

-. i Imhiairtm by Kimiura and fiiok i's hybrid .ippriiicl' riiw. Such ing oiver spaiajl smoothing are identified in this correspindic-. Pre-

I'i w i do me niot coinctide with time true %it-,s ~tmnac since Itir the lim~inury Pierfornmance studies iif an sitlte lrei~micne doimiainsii~ toolmig

ase )I k I and] I niethiod slitw that proper spatial tittering can he acvite s lI~rvitoilot
donsain smoothing, whether the desired signal and the interference arc

h,, 1W Wm, correlated or uot.

W, W, b." w, IManuscript received March 17, I9X9. rcis sed Mairch I it k Th-s
h ,I~ t/~,I I ~/i I~ I/,~ I~ Iworik was siuppoed by the Home Air lDcvc:olopmic (coter under .\r Ic

I Contrakt 1-106412 Xt).iiii27iA-N I112-11
t~ lieilitrs lie with lie tceparmimei ,I I cdricl atul (mumircI iC1e

+ . 2 cios W, 4si Wd otciig. Syracuse tivcrsiy. S ,riulse. NN 1 14.1 2411
5 +- 2 cius La IEE±E Log Nutiher 89~31711

009h-15190 114 I OViilllIS0)~ll1 t, 1990 IEE
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Signal cancellation is .i problemti(if adaptive heaiiiliirmiing (AB li > I M W, .M
when (tic desired Signal fromt the look direction and tile inierlerence
arc highly correlated. One cure is the so-called spatial smoothing M BANKS

mecthod I 11. by which the full sensor array is divided Into patially 2 NROW- () ,

overlapping subarrays to enable in average of the covariance ila- SN

trices of the subarray oiutput vectors. Such an average was shown X(1 FILTERS

to be able to destroy the correlation between the signal and Infer- Mit AC

lecncc. Unfortunately, spatial smoothing can only be applied ito Y,
arrays of uniformly spaced. identical sensors. Besides, a tradeotl M Natt W
has ito he miade bor a given array between thle size ofithe suiharrays
and the numiber ofl suharrays. since thle interference rejection pr-
formance with spatial smoothing depends on hoth paramleters. Fig. t. Conliguration (it trequcncy decomposcd wide-hand heansilorier
Moreover, if the number of sensors. is not large enough. the number
of'subarrays available for spatial smoothing might be too small to
lead to any signiticant improvement. 11. FRI-FvINCN DuMAiN SMO 0 tlN(;

A rather ditlerent approach for wide-band ABIF is given in 121. It is easy to see that the correlation matrix of the Jth subhaiid
which does not sulier from the signal cancellation since it etmploys array output has the lorni
the "complete nulling" criterion at every subband. Such a crite-
rion, however, may sacrifice too much signal power, resulting in R~, = A, R, A," + a 1 (2
an array output signal -to- interference-plus-noise ratio (SINR) lower where A, M x d. tl : M is the direction matrix associated with
than that potentially achievable, especially when the interference the desired signal and di - I interference sources: R,, d )< d is thle
sources are not very strong and their angles of arrival are close to correlation matrix of the desired signal and interference: and a. I
that of the desired signal 131. is the correlation matrix of the receiver noise of the jth subbandl.

In this correspondence. we present a new approach to wide-band When there is a complete correlation between the desired signal
ABF for correlated signal and interference. The key idea is to per and an interference Source. R. j = 1. 2. --. J becomes singular
lorm a stmoiothing operation in the frequency domain. which was and the so-called signal cancellation *occurs.
originally presented in the context of high-resolution direction lind- As poiinted out in [41. the frequency-domiiain-smoitothed corcla-
Ing of multiple wide-band sources 141. tion matrix R L Ef., R, is nonsingular in general. This lact leads

Fig. I shows a general configuration (if a frequency domain im- to thle opportunity of employing a frequency -doniain-solooihed
plemientation of wide-baiid handpass AIIF. For Simplicity of' pre- ''correlation miatrix" tol rep~lace R~, uol (1). so that the heamilormner
senitafion. we coinsider a linear array. The sensor-, doi not need to a eie esnbl ~x ptaiitrigpromnei~n
he unifornily spaced. nor doi their patterns need to he identical. caneiver ao wehreasonablyigod spatial andteingterfrance nsen
Following each sensor is a hank i- J narrow-hand filters covering pletely) coirrelated oir not.
the whole frequeney band of interest. The bandwidth of each sub- Parallel to the direction finding problem using thc idea of Ire-
band is assumed to be a few percent of its central frequency f,.j = quency domain smoothing 141. a class (if adaptive wide-hand beam-
1. 2. - - . I so that for each subband, the narrow-band array out- formers with frequetncy domain smoothing can he developed to
put representation is valid. The ABF weight vectors w,, j = 1, 2. dillecrent applications, In this correspondence, however, we are onily
. . ' . J are updated accoirding to the chosen optimtiz~atioin criterion interested in pre-sentiig one examiple which is suitable for a iluibicf

and interference environment. Several criteria all result in thie borntom rcia plctosi aa.sia.adsra-pcrm((1

(II munication.
w= ct,.a,(6,.) j = 1. , J (I To implement the smoothing operation oin R, j=I,-

is crteron epeden c~nstntR,,is he orrlaton J. a frequency dotmaitn transformation represented by T, must he
where a,( rtro eedn ontn.R . h orlto perfortmed on the estitilte ol the correlation matrix Rk, Stich that

and a,l 0, ) is the jth subband array direction vector at the look an- T, A, = A,. j = 1. 2. - -. J (3)

gl ma,. Whf theinefrces completel ouptvcor 
paro' hctsi corrated

tote eiedsalo 0,. We the itrencisignaplecaellr artialn oradted where At, is the direction matrix of the array at thle central Ire-
cimeied spiuml peromrtiane in capleellao dus nd thevila quency f, (./, may be equal iio one off, j = '1. 2. - -' . J I. Oh-tlime of t i basicnei omltlyls uet hevoa viously, there arc many possible choices (if T, which could achieve

looftebscassumption. (3), hut all of them would need the angles, oif arrival of the inter-
It should be pointed out that if the existence of the correlation fecrence which are not available to the heamlfiiritiing subsystemi.

between the signal and interference is known in advance, then (inc Therefore. appruiximnta ons of T, oll (3 have to he used in praictice
should take advantage ofl the signalt-correlated interference tol Otic possible way is toi doi a preselected angle aipprolximiaionl ill
achieve an even higher SINR. instead ol'simply trying to suppress the perfect transformation matrix 1', Let 0, he the look direction
all Initerference 151. However, such a priori knowledge is nolt al- of the array. and 6,,, # 0, pli = I. 2. ' , M - I he M -I
ways avaulahlc, nor always easy to obtain from the received data. dilrerenit angles unilornily covering the whole angular domain (ot
Theref'ore, the need still remains for finding w,. j = 1. 2. - - ,J concern. Conceptually Nunimari7.ed below ire the steps used to fill-
such that the interference suppression pertorniance is mnuch better pleimint tile I reqoenicy -dinaun stiioilmcd adaptivye hcaimloriiicr Withi

iiiithut(ising ( Ii whent tife signial and itcrtcecice are corrclated, af lireseclected aipproxii.utiin oh tile translormat ion.
atud .iosc to that using t I ) when the signal and Interference are not I) Form R, the estimnate ofl the correlation matrix R,. from the

correlated. K sampled complex output vector.% x,( it. j = I. 2. - .,
In the folloiwing discussion we assume: 2 efr h rqec oantadri~o ooti
ItI tile angle of arrival fit the desired Signal 0, is. available and 2 ehn h rqec oantasomto ooti

used is the array loiok direction 0,;
2) the interference sources, correlated or unciirrelated with thle R-~T ,T

desired signal. occupy tile same frequency haild as the (hesired sig- where
na4 and

3) the receiver nilise Is uncuirrelated sensor to sensor I5

9



(1, [ 1 ,0, a (0 1 aa 6 ) 0 . S

3) foni the lrequency-domain-snthed oreainmatrix*'
estimate for each hubband -20 -

- (')iT(7) -30

4) obtain the beamnforming weight vector for the jib subband -40

w, ;aB~ j =I,2. J. (8) -50

We note that significani reduction in computing for T, and T,-60 ------ SP. nI oot

c.an be expected by exploiting the structure ot A,. In the following -4~svs.~
section, we will present our preliminary performance study of the -70 Sp41 soon

above method. -0 *. osoi.n

Ill. PRt.11.11iAY PERFOR~MANCE SrTUDY 9
In this section we will show the beam patterns ot both frcquency

donmain smoothing and spatial smoothing For simplicity, we con-I
sider an array tit M = 1l unitormly spaced, omnnidirectional sen- 20 30 40 'IQ 60
siirs with the space between sensors equal to one-halt at the wave- Age(ere
length corresponding Io],,. and we assume that the desired signal. Age(ere
interference. Lind receiver noise all have flat spectra in the same Fig 2. Beam patterns of the frequency domain smoiiihing method and spa.
frequency band with a relative bandwidth B/f, 0.30. The whole tal smoothing method.
band is covered by J tO1 subbands. The angle of arrival of the
desired signal is taken ito he 6,, = 350. Two interference sources especially for small sensor arrays. The features of this new ap-
are present. The first one is completely correlated with the desired prahicueteflong
signal. being a delayed version with delay I,, = 15/fij. The second p1)c icnlue thpled olowing: abirrygomty nsno
interference source is a strong jammer which is uncorrelacd with Ipa t ansb ple oary iharirr emtyadsno

the esied ignl. he ngls o arrvalof he wo ntefernce 2) it does not sacrifice the angular resolution for smoothing: andsources are 20'~ and 50'. respectively. 3) it does not need a large number (it" sensors to etlect the
In Fig. 2. the solid line is the beam pattern of the frequency smoothing operation.

domain smoothing method, The two dashed lines are the beam pa(- We note that 121, 171. and 181 contain some interesting results,
terns ot the spatial smoothing method with the subarray size equal on the construction of the approximations to the linear transformn
ito 4 and 6. respectively; and t beam pattern without any smooth- f()
ing is plotted as the otted line. The protection of frequency do- of()
miin smoothing against both interference sources is seen to be much ACKNOWLEDGMN .r
better than that of spatial smoothing. Teato- prcaetecrflrve ytefrtrfre

Since the beam patten oif frequency domain smoothing is the Thauorapecteheaeflevwbyheirteee.
sumi of the J siihand heait patterns. thme sharp null at the aingle iif Rivi itic s
the siring interfereiice indicaites that the J subband beam patterns
itusi have nulls almtio st at thle saimte angle even thomugh the t tans for- [il T. 1. Shan aitd T. Ka ilath. "Aiaptiv ye cainh irniang; lr Lo hiercii sig-

matin usd isjus in pproimaton.nals anid i niert erence . Ibhh. I raii A.t ono i.fss h .. i Nomud
mattlo ued i Jus an ppniimaton.ins'. vol. ASSP-33. pp. 527-536. June 19MX5.

Comparing the two beam patterns of spatial smoothing, one can 121 J. F. Yang and M. Kaveh. "Wideband adaptive arrays based on the
see that the protection against the correlated interference can be coherent signal-suhspacc transtaorimiation.' in Prtit-. IA:hir (an
g~radually improved by reducing the size of the suharruys. Such a A-oust.. .Specih. Signal ttrmie%%sig, lallas. I'X. Apr. 1997. pp
reductimn uit the suharray size tor tiore spatial smoothing not only 47 6. 1-47.6.4
is uited by the number at interference sources, but also degrades 131 H C Lin. -Spatial correlations in adaptive arrays." lbbF Trait. .4si.
the nulling perfiormance at the angle at. the strong interference due tepinas Propaui.. vol. AP-30. pp. 212-223. Mar 19M2
ito the loss tit angular resolution with the reduced subarray size 161. 141 H. Wang and M.- Kaveh. "Coherent signai-subspace procsig tar the
In contrast. frequency domain smoothing is free from this problem detection and estimation of angles ot arrival ot multiple wide-hand
as shiiwn in Fig. 2. sources,"' IEEE Trans. Acoust.. Speeti. SiuqtwI Poneui'ssmu voil ASSP-

33. pp. 823-931. Aug. 1985If the interference exists only over part of the frequency band. 151 Y. Brester. V. U. Reddi. and T Kailath, "A polynomial approach toi
7) and 00X indicate that this frequency domain smoothing method optimum heamforming for correlated or coherent signai and interter-

will produtc nulls in id/ J subband beam patterns toward the par- ence." in Pros. I~Inht, Cmunf .44ui. peuu hi. Soi'mil ('rt.m sie.
tial-hand interference. To avoid such unnecessary nulls in the in- Dallas, TX. Apr. 1987. pp. 53 9 1-53 94.
tericrence-Iree subbands. one may simply apply Steps 1)-4) to those f6l1 I 1. Gupta and A. A Ksienski. 'Dependenee of adaptive array per-
subbands containing interterence. and use the conventional beamn- formance on conventional array design." 1I.E Traits .lntcuiuiius Potp-
funning method for the interference-free subbands. If the interter- ug.it. vol AP-30. pp. 549-553. July 1992.
crnce sources have a colorcd spectnitit. a miore siophisticated method 171 11. Hung and M Kaveb. "Focusing nmatrices for cohernti signal sub-

it frequency domain smoothing needs to be developed, space processing, "submitted ito IAu
5.t Irons% .45 ruii, A.per, It ,Seil

Procssini.
IV. CON( tISION 181 K. M. Buckley and L I Griffiths, 'RASS-ALIE stuitmation tar hma.d-

band sources and tocussing iranstormaiamn evaluation.' tii Pr... :1 i
The frequency domain smoothing approach suggested in this Awimptair Cail S1911i11.s Si si , Cluia1 Nsitic Grove. CA. Nu0V

correspondence can iutpertimrmn the spatial smoothing approach. 1487
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Effects of Sensor Position and Pattern Perturbations on CRLB

For Direction Finding of Multiple Narrow-Band Sources

J.X. Zhu and H. Wang

Department of Electrical & Computer Engineering
Syracuse University

Syracuse, NY 13244-1240

ABSTRACT Y2,...d be the wave-number vectors of d

narrow-band plane waves of the same central 're-

This paper studies the effects of sensor pat- quency f.. The array output complex vector X,

tern and sensor position perturbations on the Mxl, can be expressed as

angle estimation performance bound for multiple

narrow-band sources. The Cramer-Rao Lover Bouid X - AS + N (1)

is used with a probabilistic modeling of the

perturbations. The CRLBs of a linear uniform ar- where A a la a2 . .. a is the directi on matrix

ray under sensor position and pattern perturba- with the direction vector

tions are evaluated in detail for the case of two

narrow-band sources. a, Ig1(ei)exp(j2n0(-1,
)}
,

g2(9i)exp{j2rt61(-4i
) ) ,

I. INTRODUCTION .......
gN(61 )exp(j2fl M(- t))]

T
, 1=1,2..d, (2)

In many applications where 
a sensor array is

used for angle estimation of multiple sources/ S- St S2 ... S81l the arriving signal vector

targets, one has to consider the effects of the modeled as zero-mean Gaussian random vector with a

sensor pattern and sensor position perturbations, diagonal covariance matrix, and N - IN, N2 ... NI
T

Though some efforts have been made to develop the receiver noise modeled as zero-mean Gausstian

robust high-resolution estimates 111-131, there is random vector with its covariance matrix equal to

a need to understand the behavior of the estima- oI. S and N are assumed to be independent.

tion performance bound under the perturbations, so

that one can see how much room left for developing From FIg.I, we have

more robust estimate.
-) (x-cose 1 * Y,,sine 1 )/X

In this paper, the behavior of estimation 
m=l,2 . , 1,2?. d. (3)

performance bound tinder sensor position and pat-

tern perturbations is investigated. The Cramer- In the presence of sensor positin perturbitirn,

Rao Lower Bound (CRLB) is chosen since it is the m-th sensor position vector becnmes

simple to evaluate, and since all available high- j.-(x.+bx. y.iy.), where Ox and Oy. are the

resolution direction finding methods require ei- sensor position perturbations in x direction and y

ther large number of snapshots or high SNR, for direction respectively. The sensor position

which the CRLB has been seen to provide a rea- perturbations &x., ay., m-l,2,.,.,M are modeled as

sonably tight bound on the mean-square-error (MSE) i.i.d. Gaussian random variables of zero mean. We

of the angle estimate. The perturbations on assume that the standard deviation of the position

sensor positions and patterns are modeled as perturbations is much smaller than the spaces

Gaussian random variables. We note that previous among the sensors.

work on evaluation of the CRLB under perturba-

tions, such as (41-161, involves the cases of The perturbed complex gains, i.e., the

single source and multiple sources disjoint in the perturbed sensor patterns, are modeled as

frequency domain. g.(e)+dg.(9) where g.(e), m1,2,...m are the

nominal patterns and Og.(e), mi,2,...M, at-

II. MODEL FORMULATION i.i.d. zero mean complex Gaussian random Pertirha-

tions. Again, the standard deviation Is as im-d

Consider an array with arbitrary but known t- 1e much smaller than the nominal complx gain

nominal geometry as shown in Fig.l. Let the num- g, ).

ber of sensors be M, each at position *1 (x1 yI),

0-(x12 y'), .... , y(xn y.), with respect to In order to see the amplituide and phase

the chosen reference point. Denote the sensor perturhAtinn effects separately, a mn(ei for th-

pattern of the m-th sensor as g.(9). Let v4' case nf pattern amplitude perturhntion only I

also set up, in whirh the nonminal pattern P(),
'i7wIyork was supported hy RAOC unrier Air Force
Contract F30602-RO-D-0027(A-8-1124: r1q 1 11 otnnn.n0i i fn rpyr11ht a i % Ist
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M.1,2 ,...,N ae assumed to be positive and the where 0. is the parameter set at the nominal
perturbations 6g,(O), m-l,2 . 1 to be i.i.d real value. For Gaussian signals and noises Eq. (10)

zero mean Gaussian random variables, becomes 141

B~e) . R(e)
When multiple snapshots are used for estima- Ih( 8el, =-- ae1 - e, e=e0 (11)

tion, the independence of snapshots is assumed and

the perturbations are assumed to remain unchanged where R is the covariance matrix of the data vec-

among all snapshots. tor X.

III. CRAMER-RAO LOVER BOUND UNDER PERTURBATIONS Because the first 2d.l parameters are non-

random, J(e) has it's first 2d.l rows and columns

If we only consider position perturbations, equal to zero. Let AP,.Imi be the covariance

i.e., assume no pattern perturbations, then the matrix of the position perturbations, A ZMd I

unknown real parameter set 8 contains the covariance matrix of the pattern perturbatoInons

(real and imaginary part), and Ao.dMdI the
(91 e 2 . . . e d) d .•. .a !I covariance matrix of the pattern amplitude pertur-
dx= Iy I.X= a Yx a ' a. 4yM) (4) bation. For sensor position pertuibation only, we

-(' have
i.e., a total of 2d+l+2M real parameters. For the

case of pattern perturbations only, the unknown
real parameter set 8 is j0() . 4 _ 2-.1-0

0, o P Ltl. 2 m. , (12)

e - E ll ... (e e0.1 o 2 a 0
2

Re(ig(e,)) Im(6g,(91 )) ... Re(Agi(ed)) m(6g(9 4 )) and for pattern perturbation only, we have

Re(6g,(@1 )) Im(4g,(e,)) ... Re(dOg(e,)) Im(4g,(ed))
.......... 0 , . . , . 0

(5) 0 A-I -Z. ., J , (13)

and for patterni amplitude pertutbation only,
a total of 2d++2Nd real parameters. For the case r a i o

of patter,, amplitude perturbations only, dg,(e), J(0) 04d-- 
. _ 

21 I ------
m l,2. N are set up as i.i.d. real zero mean - . 0 I A: l= 4, ] (14)

Gaussian random variables in section If. There-

fore the unknown real parameter set in this case

is In the case of multiple snapshots, the prob-

ability density function Pr(XIe) in Eq.(8) would

O 1 (, I. ed 'a = 06a ... gad o. be joint density function Pr(X1 ,X-.X, 9), where K

6g 1(e) g,(O) ... 6g,(ed) is the number of snapshots. Under the assumption

6g(81) 6g2(e) ... agl(ed) that all snapshots are independently identically

.......... distributed, Pr(X,,X, .... X,18) - IPr(Xuje) l and

agm(e) ag.(0 2 ) ... dg,(Od)) (6) Eq.(6) becomes

a total of 2d+,Ild real parameters. [J1(e)lj,. - K'Exae( g((j)) ) (15)

.ith the presence of random parameters, the 3e01 Ie

risher information matrix is given by 171 The J2 (e) will remain the same as in Eq.(9) be-

cause of the assumption that the perturbations
remain unchanged among all snapshots.

where the elements of J, and J, are In the following section, we will numerically
evaluate the CRLB for a linear uniform array to

-Elg(Pr(xe)) (8) see how the sensor position and pattern perturba-
IJ,(e)1'= -Ese( a~ae, Ctions affect the estimation bound.

aVlog(Pr(e))
-- ) . (9) IV. CASE STUDY

We consider an array of 8 sensors with half

Under the assumption that the position and pattern wavelength spacing, which presents a Rayleigh

perturbations are small, J,(9) can be approximated angular resolution of 16.4" (degree). For

by the corresponding Fisher information matrix for simplicity, the nominal sensor patterns are as-

non-random 0 at the nominal values 141, i.e., sumed to he omnidirectional, i.e., g(e).l for all
sensors. Let 0, and e2 be the angles of arrival

a(log(Pr(XI) of two narrow band sources of the same cential
ae 1ae 38 .9 frequency. Again, for simplicity, we fix 9j At

12



0*, and then 60 - 9-01 - 02. In the following Fig. 7 plots CRLBp as a function of the

figures, the CRLB for 0, estimation under pattern angular separation do. In the low-resolution

amplitude, pattern amplitude and phase, and posi- region (69>16.4"), the degradation from the CRLB,

tion perturbations, denoted as CRLBa, CRLBg and is almost independent of 69 and determined only by

CRLBp respectively, are compared with the CRLB for the position perturbation standard deviation u.

9, estimation without perturbations (CRLB0 ). For In the high-resolution region (69<16.4'), however,

pattern amplitude perturbations the standard the degradation from CRLB, is 8-dependent and be-

deviation is denoted as a.. For pattern amplitude comes smaller when 60 is smaller. Noting the

and phase perturbations, which are modeled as sharp increase of CRLB o in the high-resolu tioi

i.i.d. zero mean complex Gaussian random vari- region, we should realize that the smaller

ables, we denote the standard deviation of its degradation with smaller 60 merely means the more

real part or imaginary part as a, i.e.,the stan- dominant factor which the receiver noise shows

dard deviation of the complex pattern perturbation with smaller ti.

is f2. For sensor position perturbations, we

let the standard deviation of the perturbations in Fig. 10 shows the effect of the number of

x direction and y direction be the same and snapshots on the CRLB under position perturbations

denoted as a. (CRLBp), from which the increase of the number of

snapshots is seen to be similar to the increase of

Figure 2 shows the effect of the pattern the signal to noise ratio. That is, qs the number

amplitude perturbations on the bound (CRLBa) as a of snapshots increases the CRLBp levels off.

function of 08, the angular separation between the

two narrow-band sources. For 60 larger than the V. CONCLUSIONS

resolution cell (=16.4'), the CRLBa is almost the

same as CRLB0 , I.e., the amplitude perturbation of Both sensor pattern and posItion perturbation

the sensor gains has almost no effect on the can seriously degrade the potential estimation

estimation performance potential. In the high- performance. With proper Joint estimation scheme,

resolution region (69<16.4), however, the large the effect of the pattern amplitude perturbation

the amplitude perturbation, the poorer the estima- might be compensated by increasing the signal to

tion performance potential, which implies some ex- noise ratio. When the signal to noise ratio is

tra difficulty to overcome in order to achieve high the position perturbation or pattern phase

high resolution, perturbation becomes the dominant factor and the

CRLBp or CRLBg will level off. In such situa-

To overcome such an extra difficulty for high tlons, one might not be able to reduce the CRLg

resolution, Fig. 3 shows that one possible way is and CRLBp to an arbitrarily small number by fur-

to increase the signal-to-noise ratio (SNR). In ther increase of the signal to noise ratio, even

this sense we may loosely consider that the pat- with some joint estimation scheme. Under the pat-

tern amplitude perturbation has a similar effect tern or position perturbation, the increase of the

on the performance potential as the receiver number of snapshots is expected to offer only

noise. limited help am the SNR.

Figure 4, Figure 5 and Figure 6 show tile CRLB REFERENCES

under both the amplitude and phase perturbation on
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